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Abstrat
Path-integral representations for a salar partile propagator in non-Abelian external bak-
grounds are derived. To this aim, we generalize the proedure proposed by Gitman and
Shvartsman 1993 of path-integral onstrution to any representation of SU (N) given in terms
of antisymmetri generators. And for arbitrary representations of SU (N), we present an alter-
native onstrution by means of fermioni oherent states. From the path-integral representa-
tions we derive pseudolassial ations for a salar partile plaed in non-Abelian bakgrounds.
These ations are lassially analyzed and then quantized to prove their onsisteny.
Insituto de Físia, Universidade de São Paulo, São Paulo, Brasil.
1 Introdution
QFT with external bakgrounds is a good approah for desribing many physial situations and ef-
fets. If the external bakground is strong enough it has to be taken into aount non-perturbatively.
The orresponding methods for QED are well developed and were fruitfully applied for a number
of alulations, see e.g. [1℄ and itations therein. The external bakground onept in non-Abelian
QFT is less developed and meets some diulties (there is no gauge invariant way of introduing a
non-Abelian external eld). However, the undeniable existene of physial situations where there is
a suiently strong quantized non-Abelian eld often serves as a physial justiation for treating
this eld as an external lassial eld, in spite of the above mentioned problem. Interesting physi-
ally meaningful results obtained in this oneptual framework serve as an additional justiation
for it. We an point out alulations of one-loop eetive ations in onstant non-Abelian external
elds [5, 8, 9℄ that were used for onstruting the true QCD vauum, see [9, 10, 13, 19℄. One also
ought to mention the desription of phase-transitions in osmologial QCD [20℄, non-pertubative
parton prodution from vauum by a lassial SU (3) [21℄ and SU (2) [22℄ hromoeletri eld,
boundary onditions and topologial eets of the vauum in the presene of a non-homogenous
external magneti eld in the form of a ux tube [23, 24℄, and so on.
The key objets in nonperturbative (with respet to the bakground) QFT with a non-Abelian
bakground are salar and spinning partile propagators in the orresponding non-Abelian external
∗
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eld. Exat solutions for suh objets allow one to obtain by an integration one-loop results for
various physial quantities. Moreover, path-integral representations for the propagators may be
useful in obtaining exat solutions, whih ould then be used in alulations. Manifold path-integral
representations for salar and spinning partile propagators were onstruted and alulated for
various Abelian bakgrounds in [25, 28, 29, 38, 39, 40, 41℄. It turned out that suh representations
are also useful for deriving the so-alled pseudolassial ations for spinning partiles, see [38, 39,
45℄. Some path-integral representations for propagators in non-Abelian bakgrounds and problems
related to the pseudolassial desription of isospin were studied in [47, 48, 28℄. We reall that a
lassial theory for a Yang-Mills partile was rst onstruted from the lassial limit of the Yang-
Mills eld equations by Wong [49℄. Afterwards, Chen and Dresden [50℄ showed that the Yang-Mills
eld equations imply the equations of motion for a test partile with isotopi spin in a way similar
as the Einstein equations imply the equations of a massive test partile. Casalbuoni et.al. [48℄
obtained a gauge-invariant Lagrangian desription of salar and spinning partiles with isotopi
spin, where Grassmann variables desribe the internal degrees of freedom at the lassial level, so
that quantization gives nite-dimensional representations of the gauge group. Balahandran et.al.
[47℄ applied Dira quantization to a pseudolassial Lagrangian formulation of salar and spinning
partiles interating with a non-Abelian gauge eld, and additionally developed the method we
use here to obtain the irreduible representations of isospin. In [40℄, the isospinor struture of the
propagator of a salar relativisti partile in the fundamental representation of SU (2) is derived
from a path-integral representation using methods developed for the ase of the spinning partile.
In the present artile we return one again to these problems for the ase of a salar partile
with isospin plaed in various non-Abelian external bakgrounds. We point out that a quantized
salar eld in a non-Abelian bakground has been put forward as a tentative explanation of QCD
onnement by means of a massive salar partile (dilaton) [51℄, and also appears in the form of
fundamental salars oupled to gauge urvature terms in string theory [54℄.
We onstrut path-integral representations for the salar partile propagator from two ap-
proahes: one is a generalization of the proedure proposed in [40℄ to any representation of SU (N)
given in terms of antisymmetri generators, while the other is a onstruted using fermioni o-
herent states valid for arbitrary representations of SU (N). The latter approah is a modiation
of the path-integral representation of the Dira propagator by means of fermioni oherent states
presented in [28℄. In both ases we derive the pseudolassial ations for a salar partile in non-
Abelian bakgrounds, and quantize them to prove their onsisteny. In the Appendix, we put some
tehnial details and proofs. The developed tehniques an be easily generalized to the ase of a
spinning partile in non-Abelian and gravitational bakgrounds. Suh a generalization is the subjet
of our next publiation.
2 Propagator representations
The ausal propagator for a relativisti salar partile interating with a su (N) valued external
eld Aµ in Minkowski spaetime (in natural units ~ = c = 1) is desribed by the equation(P2 −m2)α
β
Dβγ (x, y) = −δαγ δ4 (x− y) , Pµ = i∂µ − qAµ , (1)
where Aµ = Aaµtαaβ is a linear ombination of the traeless hermitian matries tαaβ , a = 1, .., N2 − 1
whih are the generators of the Lie algebra su (N) in an n×n irreduible matrix representation whose
indies are labeled by greek letters from the beginning of the alphabet, α,β,γ,et., α = 1, ..., N . Sine
2
SU (N) is a ompat group, there is a basis where its struture onstants are totally antisymmetri
and purely imaginary,
[ta, tb] = f
c
abtc, f
c
ab ≡ f[abc] , (2)
and the generators an be normalized as tr (tatb) = 1/2δab.
In the following we will onsider two dierent realizations of the Lie algebra (2) of su (N). The
rst realization will be in terms of reation and annihilation operators dened on a suitable Fok
spae, and the seond realization will be in terms of the generators of a suitable Cliord algebra.
I. Let us onsider the rst realization. Consider an abstrat Hilbert spae H whih is the
diret produt of the usual representation spae for the Heisenberg algebra, whose basis vetors are
denoted as |x〉,
xˆµ |x〉 = xµ |x〉 , 〈x |y〉 = δ4 (x− y) ,
∫
d4x |x〉 〈x| = I ,
[xˆµ, pˆν ] = iδ
µ
ν , 〈x| pˆµ |y〉 = −i∂µδ4 (x− y) , (3)
and an abstrat Hilbert spae V whih we do not speify for the time being, but whose orthonormal
basis vetors are |α〉, α = 1, ..., n,
〈α |β〉 = δαβ ,
n∑
α=1
|α〉 〈α| = I . (4)
Thus, the abstrat Hilbert spae H = H ⊗ V has the orthonormal basis |x, α〉 = |x〉 ⊗ |α〉,
〈x, α |y, β〉 = δ4 (x− y) δαβ .
Next, we interpret the matrix operators appearing in (1), as matrix elements of operators in H.
With this in mind, the propagator Dαβ (x, y) is the matrix element of an abstrat operator Dˆ,
D (x, y)
α
β = 〈x, α| Dˆ |y, β〉 , (5)
and the generators tαaβ are matrix elements of the operators tˆa,
〈α| tˆa |β〉 = tαaβ .
We note that if the matrix elements of the operators tˆa are generators of a representation the
algebra su (N), then so are the operators themselves:
[ta, tb]
α
β = f
c
abt
α
cβ ⇔
[
tˆa, tˆb
]
= f cabtˆc . (6)
Using the operators just dened, one an write (1) in operator form,(
Pˆ 2 −m2
)
Dˆ = −I ,
where
Pˆµ = −pˆµ − qAˆµ , Aˆµ = Aaµ (xˆ) tˆa , 〈x, α| Pˆµ |y, β〉 =
(
i∂µδαβ − qAµ (x) tαaβ
)
δ4 (x− y) .
Thus, one an formally write the inverse of the operator Dˆ,
Dˆ = −
(
Pˆ 2 −m2 + iε
)−1
,
3
by means of the proper time representation
Dˆ = i
∫ ∞
0
dλe−iHˆ(λ) , Hˆ = −λ
(
Pˆ 2 −m2 + iε
)
. (7)
Let us now further speify H by dening V as the one-partile setor of the Fok spae for the
fermioni reation and annihilation operators a† and a,
aˆα |0〉 = 0 , aˆ†α |0〉 = |α〉 ,
whih satisfy the algebra [
aˆ†α, aˆβ
]
+
= δαβ ,
[
aˆ†α, aˆ
†
β
]
+
= [aˆα, aˆβ]+ = 0 . (8)
Then it is possible to represent the operators tˆa as
tˆa = aˆ
†
αt
α
aβ aˆβ , t
α
aβ = 〈α| tˆa |β〉 . (9)
Here it is important to observe that tˆa are generators of a representation of su (N),[
tˆa, tˆb
]
= f cabtˆc ,
sine their matrix elements tαaβ satisfy the su (N) ommutation relations (6). In addition, trae-
lessness and hermitiity of tαaβ imply the same for the operators tˆa,
trtˆa ≡
M∑
α=1
〈α| tˆa |α〉 = tαaα = 0
tˆ†a =
(
aˆ†αt
α
aβ aˆβ
)†
= aˆ†β t¯
α
aβ aˆα = tˆa ,
where the †-involution of the abstrat operator algebra omplex-onjugates the matrix entries of tαaβ
in the above. Finally, we note that tˆa onserves the number of partiles. Using the representation
(9) for the generators ta and following [55, 28℄, we now introdue oherent states |χ〉 and 〈χ¯| dened
by the exponential of the fermion operators aˆ and aˆ† ating on the vauum:
|χ〉 = D (χ) |0〉 , 〈χ¯| = |χ〉† , D (χ) = eaˆ†χ−aˆχ¯ , [aˆα, D (χ)]− = χαD (χ) ,
where χα and χ¯α = χ
†
α are Grassmann numbers that ommute with the vauum state. Conse-
quently, these states satisfy
aˆα |χ〉 = χα |χ〉 , 〈χ¯| aˆ†α = 〈χ¯| χ¯α ,
〈χ¯| ξ〉 = e 12 (χχ¯+ξξ¯−2ξχ¯) ,
∫ N∏
α=1
dχ¯αdχ
α |χ〉 〈χ¯| = 1ˆV ,
∫
dχχ =
∫
dχ¯χ¯ = 1 .
Using the above identity resolutions, it is possible to relate matrix elements from the one-partile
setor fok-spae basis |α〉 to the oherent basis |χ〉,
〈α| · |β〉 =
∫ N∏
σ,κ=1
dχ¯′σdχ
′σdχ¯κdχ
κe
1
2 (χ
′χ¯′+χχ¯)χ′α 〈χ¯′| · |χ〉 χ¯β , (10)
4
where we have used 〈χ¯| α〉 = χ¯α exp 12χχ¯. As a onsequene, we are able to reast the original form
of the propagator (5), as matrix elements of one-partile Fok states, in terms of matrix elements
of the oherent states,
D (x, y)
α
β =
∫ N∏
σ,κ=1
dχ¯′σdχ
′σdχ¯κdχ
κe
1
2 (χ
′χ¯′+χχ¯)χ′α 〈x, χ¯′| Dˆ |y, χ〉 χ¯β . (11)
In the next setion, the matrix elements 〈x, χ¯′| Dˆ |y, χ〉 will be used to to obtain a path-integral
representation for the propagator.
II. Another possible interpretation of the propagator D (x, y) appearing in (1) an be simply as
the matrix elements
D (x, y)
i
j = 〈x| Dˆij |y〉
of the basis elements |x〉 of the abstrat Hilbert spae H . The abstrat operator Dˆ aquires indies
diretly from the matries of the generators of su (N). Notie we have relabeled the indies of the
matrix representation of su (N). The new indies i and j denote the matrix entries of a new set of
generators Ta,
Ta =
1
4
Γαt
α
aβΓβ , [Γα,Γβ] = 2δαβ . (12)
These generators are very onvenient for obtaining path-integral representations of the propagator
using tehniques adapted from the spinning partile ase. However, for Ta satisfying (2), this
is a representation only if the matries ta are antisymmetri, t
T
a = −ta. This drawbak an be
irumvented if we take the ta matries in the adjoint representation t
c
ab = f
c
ab. Besides, there are
be situations where it is possible to hoose antisymmetri ta for dierent irreduible representations.
For instane, in the ase of SU (2), it is always possible to hoose antisymmetri ta for the integer
spin s representations. In this ase, α, β = 1, ..., 2s+1and i, j = 1, ..., 2s. In the general ase, in the
adjoint representation, α, β = 1, ..., N2 − 1 and thus i, j = 1, ..., 2[(N2−1)/2]. In the familiar ase of
the adjoint representation of su (2), one has
Ti =
i
4
εijkΓkΓj = − i
4
εijkΓjΓk , i, j, k = 1, 2, 3 ,
where the Γ's satisfy [Γi,Γj]+ = 2δij and are order 2 matries, so they an be hosen to be the
Pauli matries, Γi = σi
1
,
Ti = − i
4
εijkσjσk =
1
2
σi . (13)
The generators Ti are hermitian and traeless, and they satisfy the su (2) algebra
[Ti, Tj ] = iεijkTk .
This ase is speial, beause the hoie of the adjoint representation for ta gives Ta in the funda-
mental representation. Another speial situation ours with SU (4), where we an hoose ta to be
antisymmetri matries of order 6, sine su (4) ≃ so (6). Thus one has even or odd spinors of so (6)
with 4 omponents, giving by means of a method desribed in setions 3.1 and 4.1, the fundamental
representation of SU (4).
1σ1 =
„
0 1
1 0
«
, σ2 =
„
0 −i
i 0
«
, σ3 =
„
1 0
0 −1
«
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3 Path integral in oherent states representation
3.1 Path integral
Our goal in this setion is to write a path-integral representation for
Dχ (x, χ¯
′; y, χ) ≡ 〈x, χ¯′| Dˆ y, χ〉 = i
∫ ∞
0
dλ 〈x, χ¯′| e−iHˆ(λ) |y, χ〉 (14)
We insert N − 1 identity resolutions I = ∫ dxdχ¯dχ |x, χ〉 〈x, χ¯| and N integration over λ:
Dχ (x, χ¯
′; y, χ) = lim
N→∞
i
∫ ∞
0
dλ0
∫ (N−1∏
k=1
dxkdχ¯kdχk
)
dλ1 · · · dλN
N∏
k=1
〈xk, χ¯k| e−iHˆ(λk)/N |xk−1, χk−1〉 δ (λk − λk−1) , (15)
where xN = x, χ¯N = χ¯
′
, x0 = y and χ0 = χ. In order to evaluate the general matrix element
appearing in (15), one must hoose a denite ordering presription for the operators in Hˆ . In par-
tiular, one must solve the ordering ambiguity of the four-fermion term in Pˆ 2. In [28℄, an additional
identity resolution is inserted between the Pˆ operators as a solution to the ordering problem. We do
not know to whih ordering presription this orresponds, and onventional ordering presriptions
suh as Weyl ordering and normal ordering are not gauge-invariant. In the sequel we show that
Weyl ordering is not gauge-invariant, and ompute the resulting eetive ation. As shown in the
Appendix (39), the Hamiltonian operator diers from the Weyl-ordered
2
expression by the term
λ q
2
4 tr (tatb) Aˆ
a
µAˆ
µb
. This ation, apart from the gauge-breaking term, is idential to the one that
would be obtained by doubling the time partition.
Applying the midpoint rule (41) for the general matrix elements gives
〈xk, χ¯k| Hˆ (λk) |xk−1, χk−1〉 =
∫
dpk
(2π)
4 dη¯kdηk 〈xk, χ¯k| pk, ηk〉 (HW (λk) +Q (λk)) 〈pk, η¯k| xk−1, χk−1〉 ,
HW (λk) ≡ HW
(
λk,
xk + xk−1
2
, pk, η¯k,
ηk + χk−1
2
)
,
Q (λk) ≡ λk q
2
4
tr (tatb)A
a
µ
(
xk + xk−1
2
)
Abµ
(
xk + xk−1
2
)
,
where HW is the Weyl-symbol of HˆW . Substituting the delta funtions δ (λk − λk−1) by their
integral representations and using the integral representations of the fermioni delta (43) for the χ
and χ¯integrations, we have
Dχ (x, χ¯
′; y, χ) = lim
N→∞
i
∫ ∞
0
dλ0
∫ (N−1∏
k=1
dxk
)(
N∏
k=1
dpk
(2π)
4 dλk
dπk
(2π)
dη¯kdηk
)
exp
1
2
(χ′χ¯′ − ηN η¯N + 2χ¯′ηN )
exp i
N∑
k=1
{
pk
(xk − xk−1)
∆t
+ πk
(λk − λk−1)
∆t
− i
2
(ηk − ηk−1)
∆t
η¯k − i
2
(η¯k − η¯k−1)
∆t
ηk−1 −HW (λk)−Q (λk)
}
∆t ,
2
Weyl ordering here means total symmetrization in bosoni degrees of freedom, and total antisymmetrization in
fermioni degrees of freedom.
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where HW (λk) = HW
(
λk,
xk+xk−1
2 , pk, η¯k,
ηk+ηk−1
2
)
, η0 = χ. The term χ
′χ¯′−ηN η¯N+2χ¯′ηN omes
from 〈χ¯′| ηN 〉, and in the limit N →∞ will redue to 2χ¯′η (1). Taking the limit N →∞ (∆t→ 0)
and renaming η → χ and η¯ → χ¯, one has
Dχ (x, χ¯
′; y, χ) = i
∫ ∞
0
dλ0
∫
DxDpDλDπDχ¯Dχ exp iSeff exp χ¯ (1)χ (1) ,
Seff =
∫ 1
0
dt
(
px˙+ πλ˙+
i
2
(χ¯χ˙− ˙¯χχ) + λ
((
pµ + qA
a
µIa
)2 −m2)− q2
4
λtr (tatb)A
a
µA
bµ
)
, (16)
where Ia = χ¯taχ, and the funtional integration is performed over the paths x
µ (t), pµ (t), λ (t),
π (t), χ¯ (t) and χ (t), with boundary values xµ (0) = yµ, xµ (1) = xµ, λ (0) = λ0, χ¯ (1) = χ¯
′
and
χ (0) = χ.
Sine the path integral is translation-invariant, one an integrate over the momenta pµ by shifting
p 7→ p+ p˜, where p˜ = −x˙/2λ− qAaIa is the solution to the lassial equation x˙ = ∂Heff/∂p. One
nds after making the substitution 2λ = e, the Lagrangian form of the path integral:
Dχ (x, χ¯
′; y, χ) = i
∫ ∞
0
dλ0
∫
DxDeDπDχ¯DχM [e, x] exp i (Seff + SG) exp (χ¯ (1)χ (1)) ,
Seff =
∫ 1
0
dt
(
− x˙
2
2e
− e
2
m2 − qx˙µAaµIa +
i
2
(χ¯χ˙− ˙¯χχ)
)
, (17)
with the Lagrangian measure and reparametrization gauge-xing term SG
M [e, x] =
∫
Dp exp
i
2
∫ 1
0
e
(
p2 − q
2
4
trtatbA
a
µA
µb
)
dt (18)
SG =
∫ 1
0
πe˙dτ (19)
Thus, the path-integral representation for the propagator an be derived with an unambiguous
ordering presription (Weyl-ordering) at the ost of dening a gauge non-invariant measure.
3.2 Pseudolassial ation
The ation funtional Seff in (17),
Seff =
∫ 1
0
dt
(
− x˙
2
2e
− e
2
m2 − qx˙µAaµIa +
i
2
(χ¯χ˙− ˙¯χχ)
)
, Ia = χ¯taχ , (20)
is reparametrization invariant,
δǫSeff = 0 , δǫx = ǫx˙ , δǫe =
d
dt
(ǫe) , δǫχ = ǫχ˙ , δǫχ¯ = ǫ ˙¯χ . (21)
In the gauge e =
√
x˙2/m it oinides with the ation given in [48, 47℄ desribing a salar rela-
tivisti partile with antiommuting oordinates in a representation of a symmetry group G, whose
equations of motion are
m
d
dt
x˙µ√
x˙2
= qx˙νF aµνIa , Dtχ
α ≡ d
dt
χα + iqx˙µAaµt
α
aβχ
β = 0 , (22)
7
where F aµν = ∂µA
a
ν − ∂νAaµ + iqfabcAbµAcν is the eld-strength and Dt is the ovariant derivative.
For anonial analysis purposes
3
, however, it is better to start from the reparametrization invari-
ant ation (20). Sine this ation does not ontain derivatives of the einbein, it is best to onsider
it as a veloity (see [57℄), and not introdue its onjugate momentum. One thus arrives at the
following Hamiltonian,
H = −e
2
T − χ˙αφα − ˙¯χαφ¯α ,
where the set of onstraints Φ =
{
T, φ, φ¯
}
,
T =
(
pµ + qA
a
µIa
)2 −m2 , φα = πα − i
2
χ¯α , φ¯α = π¯α − i
2
χα ,
denes a degenerate supermatrix {Φ,Φ}. The onstraint algebra is simplied if we onsider an
equivalent set of onstraints
{
T˜ , φ, φ¯
}
, where T˜ is obtained from T through the shifts χ→ χ− iφ¯
and χ¯→ χ¯− iφ, {
T˜ , φα
}
=
{
T˜ , φ¯α
}
= 0 ,
{
φα, φ¯β
}
= −iδαβ .
The new Hamiltonian with redened Lagrange multipliers is
H˜ = ΛT˜ + Λαφα + Λ¯αφ¯ ,
giving the following time-evolution for the onstraints,
d
dt
T˜ = 0 ,
d
dt
φα = iΛ¯α ,
d
dt
φ¯α = iΛα ,
so the ondition of onservations of the onstraints in time simply determines Λ and Λ¯. The
equations of motion for the independent variables η = (xµ, pµ, χα, χ¯α) are given by
η˙ =
{
η,ΛT˜
}
D(φ)
, φα = φ¯α = T˜ = 0 ,
where the Dira brakets have been onstruted with regard to the seond-lass onstraint set{
φ; φ¯
}
.Using well known properties of the Dira brakets, the equations of motion beome
η˙ = {η,ΛT }D(φ) , φα = φ¯α = T = 0 ,
And the nonzero brakets between independent variables are
{xµ, pν}D(φ) = δµν , {χα, χ¯β}D(φ) = −iδαβ . (23)
Moreover, the Ia are ovariantly onstant generators of SU (N),
{Ia, Ib}D(φ) = −if cabIc , DtIa ≡
d
dt
Ia + iqx˙
µAbµf
c
abIc = 0 , (24)
hene are alled isospin.
3
Denitions and onventions are those used in [56℄.
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From (23), we see that the Grassmann operators will generate a reation-annihilation operator
algebra,
χα → aα , χ¯α → a†α ,
[
aα, a
†
β
]
+
= δαβ . (25)
The Hilbert spae H an be realized as the diret produt of a representation spae for the Heisen-
berg algebra and the 2n-dimensional Fok spae of the reation and annihilation operators,
|x;α1 · · ·αp〉 = a†α1 · · · a†αp |x; 0〉 ∈ H , p = 0, .., n . (26)
As is well-known, the group SO (2n) preserves the ommutation relations (25), and the so (2n)
generators in the above representation are given by cαβ =
[
aα, a
†
β
]
/2, aαaβ and a
†
αa
†
β. The cαβ
belong to the u (n) subalgebra of so (2n). The n operators cαβ for α = β form the Cartan subalgebra
of so (2n).
The representation (26) is a 2n-dimensional spinor representation of so (2n), and its irreduible
representations are given by states with an even or odd number of reation operators, orresponding
to the 2n−1-dimensional Weyl (semi-spinor) representations of so (2n). These states an be further
deomposed in irreduible representations of su (N), sine the isospin generators tˆa are a linear
ombination of the so (2n) generators,
tˆa = taαβa
†
αaβ = taαβ (−2cβα + δαβ) = −2taαβcβα .
Therefore, we see that the tˆa generate a su (N) subalgebra of so (2n).
In general, in order to determine the SU (N) ontent of the wave funtion, one proeeds as
in [47℄: given ta an irreduible representation of su (N) in terms of n × n matries, the wave
funtion belongs to a (Weyl) semi-spinor representation of so (2n). Then, one deomposes the
set of Cartan generators of su (N) (a maximal set of ommuting generators) in terms of the n
Cartan generators of so (2n). In the speial ase of the representation (26), one an hoose the
operators cα =
[
aα, a
†
α
]
/2, α = 1, ..., n as the maximum set of ommuting generators of so (2n).
For instane, in the ase of SU (2) one an take the isospin projetion I1 and for SU (3) one an
take the isospin projetion I1 and the hyperharge Y to haraterize irreduible representations.
One then deomposes isospin generators in terms of the cα to obtain their eigenvalues for the
spinor representation of so (2n)to whih the wave funtion belongs. The range of these eigenvalues
gives the irreduible representations of SU (N). Therefore, to eah given n-dimensional irreduible
representation ta of SU (N), the wave funtion will belong to a 2
n−1
-dimensional representation
of SO (2n) (a semi-spinor representation), whih deomposes into irreduible representations of
SU (N) as determined by the isospin generators tˆa.
In the speial ase of SU (2), sine it is of rank 1, the Cartan subalgebra is generated by a
single element, say t3, whose matrix representation in a basis of isospin s eigenstates is of the form
t3 = diag(s, s − 1, ...,−s + 1,−s). The deomposition in Cartan generators of so (4s+ 2) of the
isospin operator tˆ3 is as follows,
tˆ3 = sc1 + (s− 1) c2 + · · ·+ (−s) c2s+1 .
Eah cα an take either of the values plus or minus 1/2. However, the wave funtion is in a state
of either an even number of plus +1/2 (even Weyl spinor) or an odd number of +1/2 (odd Weyl
spinor). For instane, for s = 1/2, the possible eigenvalues of t3for the even representation is twie
0, giving two salar representations; and for the odd representation is ±1/2, giving the isospin 1/2
9
representation. For integer spin, even and odd representations deompose in the same way, and the
largest representation is of spin (s+ 1) s/2. For example, s = 1 gives the eigenvalues 1, 0,−1 and
again 0, giving the isospin 1 representation plus a salar. We summarize the results for some values
of isospin in the table below,
isospin symmetry group representation dimension deomposition(even;odd)
0 SO (2) 1 0
1/2 SO (4) 2 2× 0 ; 12
1 SO (6) 4 0 + 1
3/2 SO (8) 8 3× 0 + 2 ; 2× 32
2 SO (10) 16 0 + 1 + 2 + 3
Thus, in order to obtain the fundamental representation of SU (2) upon quantization, one must
hoose the Hilbert spae to be the odd Weyl spinor representation of SO (4) of two-omponent
spinors. In this ase, one gets from the onstraint T the Dira quantization ondition
Tˆ φ =
[(
pˆµ + qA
a
µta
)2 −m2]φ (x) = 0 , (27)
whih is preisely the wave equation in (1) for ta =
1
2σa.
It also possible to arrive at these results starting from the lassial ation (20). In the following,
it will be onvenient to express the Grassmann variables χ in terms of their real and imaginary
parts,
χα =
1√
2
(χ1α + iχ2α) ,
so that we are left with the real variables
χ1α =
1√
2
(χα + χ¯α) , χ2α =
1
i
√
2
(χα − χ¯α) . (28)
In this way, the Grassmanian kineti term beomes
Lkin =
i
4
(χ1χ˙1 − χ˙1χ1 + χ2χ˙2 − χ˙2χ2) .
Lkin is invariant under transformations indued by Rαβ = −i (χ1αχ1β + χ2αχ2β) and Sαβ =
−i (χ1αχ2β + χ1βχ2α)
δωχiα ≡
{
1
2
ωβγRβγ , χiα
}
D(φ)
= ωαβχiβ ,
δλχiα ≡
{
1
2
λβγSβγ , χiα
}
D(φ)
= (−1)i+1 λαβχiβ
where the Dira brakets for the real variables follows from the old variables' brakets (23) and
their expression in terms of the real variables (28),
{χ1α, χ1β}D(φ) = {χ2α, χ2β}D(φ) = −iδαβ , {χ1α, χ2β}D(φ) = 0 .
The symmetry generators Rαβ and Sαβ satisfy the Lie algebra
{Rαβ , Rγδ}D(φ) = δαγRβδ + δβδRαγ − δαδRβγ − δβγRαδ ,
{Sαβ , Sγδ}D(φ) = δαγRβδ + δβδRαγ + δαδRβγ + δβγRαδ ,
{Rαβ , Sγδ}D(φ) = δαγSβδ − δβδSαγ + δαδSβγ − δβγSαδ .
10
Above we reognize the ommutation relations of the ombination of the o (2n) generators Lij ,
i, j = 1, ..., 2n,
Rαβ = L2α−1,2β−1 + L2α,2β , Sαβ = L2α,2β−1 − L2α−1,2β − δαβ .
Moreover, from the following deomposition of the generators Ia in terms of the symmetri and
antisymmetri part of ta,
Ia = ta(αβ) (χ¯αχβ + χ¯βχα) + ta[αβ] (χ¯αχβ − χ¯βχα)
=
i
2
ta(αβ) (χ1αχ2β + χ1βχ2α) +
1
2
ta[αβ] (χ1αχ1β + χ2αχ2β) ,
= −1
2
ta(αβ)Sαβ +
i
2
ta[αβ]Rαβ (29)
we again nd the Ia are a linear ombination of Rαβ and Sαβ , whih is to say that the Ia are the
generators of the subalgebra su (N) of so (2n). It is so (2n) and not o (2n), beause the trae part
of Sαβ in the expansion of Ia gives no ontribution, sine the ta are traeless.
4 Path integral in Cliord algebra representation
4.1 Path integral
We use the representation (12) for the generators Ta and standard tehniques [38, 58℄ from the
spinning partile ase, adapted to our present problem, to represent the ausal propagator. In
this ase, the indies α, β and γ label the matrix entries of the Γ-matries, that is, they label the
representation spae for the Cliord algebra. The propertime representation for the operator Dˆ (7)
in the position representation is
D (xout, xin) = i
∫ ∞
0
〈xout| e−iHˆ(λ) |xin〉 dλ . (30)
Next a disretization is made inserting N − 1 identity resolutions I = ∫ dx |x〉 〈x| in the above
expression,
D (xout, xin) = lim
N→∞
i
∫ ∞
0
dλ0
∫ ∞
−∞
(
N−1∏
i=1
dxi
)
dλ1 · · · dλN
N∏
i=1
〈xi| e−iHˆ(λi)/N |xi−1〉 δ (λi − λi−1) (31)
where xN = xout and x0 = xin. Applying the symmetri or Weyl orrespondene to the general
matrix element, one has
〈xi| e−iHˆ(λi)/N |xi−1〉 =
∫
dpi
(2π)4
exp
(
− i
N
H
(
λi,
x1 + x2
2
, pi
))
ei(xi−xi−1)pi , (32)
where H is the Weyl symbol of Hˆ ,
H (λ, x, p) = λ
[
m2 − (p2i + qpµi Aaµ (x)Ta)2] .
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As in the spinning partile ase [38℄, one assigns to eah matrix Ta its 'time' τj = j∆τ , so that the
time-ordered (31) beomes, for 1/N ≡ ∆τ ,
D (xout, xin) = lim
∆τ→0
iT
∫ ∞
0
dλ
∫ ∞
−∞
(
N−1∏
i=1
dxi
)(
N∏
i=1
dpi
(2π)
4 dλi
dπi
2π
)
× exp i
N∑
i=1
Si (xi, xi−1, pi, λi, πi) , (33)
where
Si =
(
xi − xi−1
∆τ
· pi −H
(
λi,
xi + xi−1
2
, pi
)
+ πi
λi − λi−1
∆τ
)
∆τ . (34)
In the limit∆τ → 0, Si → SH [x, p; τin, τout] is the Hamiltonian ation, a funtional of the trajetory
(x (t) , p (t)) in phase spae, dened in the proper-time interval [τin, τout], and (33) is the disrete
version of the following path integral in the Hamiltonian form:
D (xout, xin) = iT
∫ ∞
0
dλ0
∫ xout
xin
Dx
∫
Dp
∫
λ0
DλDπ exp i
∫ τout
τin
(
x˙ · p−H (λ, x, p) + πλ˙
)
dτ .
(35)
Following [38℄, we introdue odd soures ρa (τ), antiommuting with the Γ-matries, and rewrite
35 as
D (xout, xin) = i
∫ ∞
0
dλ0
∫ xout
xin
Dx
∫
Dp
∫
λ0
DλDπ exp i
∫ 1
0
[
λ
((
pµ +
q
4
tαaβA
a
µ
δl
δρα
δl
δρβ
)2
−m2
)
p · x˙+ πλ˙dτ
]
× T
∫ 1
0
ρα (τ) Γ
αdτ
∣∣∣∣
ρ=0
,
where for simpliity we have made τin = 0 and τout = 1. It is possible to present the last term on
the right-hand side of the above equation as a path integral [38, 58℄,
T
∫ 1
0
ρα (τ) Γ
αdτ = exp
(
iΓα
∂l
∂θα
)
×
∫
ψ(0)+ψ(1)=θ
exp
[∫ 1
0
(
ψα (τ) ψ˙α (τ) − i2ρα (τ)ψα (τ)
)
dτ + ψα (1)ψα (0)
]
Dψ
∣∣∣∣∣∣∣
θ=0
Dψ = Dψ

 ∫
ψ(0)+ψ(1)=0
exp
∫ 1
0
ψα (τ) ψ˙α (τ) dτ


−1
,
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where θ are odd onstants, antiommuting with the Γ-matries. Then, we arrive at the Hamiltonian
path-integral representation for the propagator:
D (xout, xin) = i exp
(
iΓα
∂l
∂θα
)∫ ∞
0
dλ0
∫ xout
xin
Dx
∫
Dp
∫
λ0
DλDπ
∫
exp
{
i
∫ 1
0
[
λ
((
pµ − qtαaβAaµψαψβ
)2 −m2)
−iψαψ˙α + p · x˙+ πλ˙
]
dτ + ψα (1)ψα (0)
}
Dψ
∣∣∣
θ=0
,
x (0) = xin , x (1) = xout , λ (0) = λ0 , ψ (0) + ψ (1) = θ .
Integrating over the momenta, one nds the Lagrangian path-integral representation:
D (xout, xin) = i exp
(
iΓα
∂l
∂θα
)∫ ∞
0
de0
∫
exp {i (Seff + SG) + ψα (1)ψα (0)}M [e, x]DxDeDπDψ|θ=0
Seff = i
∫ 1
0
(
− x˙
2
2e
− e
2
m2 + qtαaβx˙
µAaµψαψβ − iψαψ˙α
)
x (0) = xin , x (1) = xout , e (0) = e0 , ψ (0) + ψ (1) = θ , (36)
where the measure M [e, x] and SG are
M [e, x] =
∫
Dp exp
i
2
∫ 1
0
ep2dτ , SG =
∫ 1
0
πe˙ .
4.2 Pseudolassial ation
Let us onsider the reparametrization invariant ation from (36) with the resaling ψ → i/√2ψ,
Seff =
∫
dx4
(
− x˙
2
2e
− e
2
m2 − qx˙µAaµIa +
i
2
ψαψ˙α
)
, Ia =
1
2
tααβψαψβ . (37)
The above ation is essentially the one written in [48℄ in the ase the set of Grassmann variables ψ
belong to the adjoint representation of a ompat simple group G (tαaβ = f
b
ac), and in [47℄ for ψ in a
representation with antisymmetri generators ta. The equations of motion in the gauge e =
√
x˙2/m
are
d
dt
(
m
x˙µ√
x˙2
)
= qF aµν x˙
νIa , Dtψ
α ≡ d
dt
ψα + iqx˙µAaµt
α
aβψ
β = 0 ,
F aµν = ∂µA
a
ν − ∂νAaµ + iqfabcAbµAcν ,
where F aµν is the non-Abelian eld strength.
Next, we follow a similar anonial analysis path than the one taken in the ase of the oher-
ent representation, this time with ta denoting n × n antisymmetri matries. As expeted, the
Hamiltonian is proportional to onstraints,
H = −e
2
T − ψ˙αφα
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where
T =
(
pµ + qA
a
µIa
)2 −m2 , φα = πα − i
2
ψα
After redening T through the shift ψ → ψ − iφ, T → T˜ , the onstraint algebra beomes{
T˜ , φα
}
= 0 , {φα, φβ} = −iδαβ .
The set Φ =
{
T˜ , φ
}
is rst-lass, and the evolution of the independent variables η = (x, p, ψ) is
η˙ = {η,ΛT }D(φ) = 0 , T = φα = 0 ,
where the Dira brakets are dened with respet to the seond-lass onstraint set {φ}. The Dira
ommutator of the independent variables is
{xµ, pν}D(φ) = δµν , {ψα, ψβ}D(φ) = −iδαβ ,
The isospin quantities Ia satisfy the Lie algebra of SU (N) after quantization and are ovariantly
onstant:
{Ia, Ib}D(φ) = −if cabIc , DτIc =
d
dτ
Ic + iqx˙µAaµf
c
abI
b = 0 .
It is lear that upon quantization the Grassmann variables ψα generate Cliord algebra with n
generators and positive-denite inner produt. And thus the physial states φ are 2[n/2]-omponent
vetors satisfying [(
pˆµ + qA
a
µIˆa
)2
−m2
]
φ (x) = 0 , (38)
where the quantum-mehanial isospin operators Iˆa =
1
4 t
α
aβΓαΓβ are preisely those introdued in
(12) and they satisfy the su (N) algebra (2)[
Iˆa, Iˆb
]
= f cabIˆc .
Let us draw a similar analysis of the isospin ontent for the lassial theory as the one given in
setion 3.1. Here, the Grassmannian kineti terms in the ation are invariant under the transfor-
mations generated by Rαβ = −iψαψβ ,
δωψα =
{
1
2
ωβγRβγ , ψα
}
D(φ)
= ωαβψβ , ωαβ = −ωβα ,
whih give a representation for the Lie algebra so (n):
{Rαβ , Rγδ}D(φ) = δαγRβδ − δβγRαδ − δαδRβγ + δβδRαγ .
So the the generators Ia are a linear ombination of the generators Lαβ of so (n), and therefore
they generate an su (N) subalgebra of so (n). In order to determine the SU (N) ontent of the
wave funtion, one proeeds as in [47℄: given ta an irreduible representation of su (N) in terms
of n × n antisymmetri matries, it is lear ψα gives rise to a Cliord algebra in the quantum
theory, so the wave funtion an be taken to belong to a spinor representation of so (n). One then
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alulates the eigenvalues of a maximal set of ommuting generators Ia for this representation, and
thus determines how it deomposes in irreduible representations of SU (N). Therefore, to eah
given n-dimensional irreduible representation ta of SU (N), the wave funtion will belong to a
2[n/2]-dimensional representation of SO (n), whih deomposes into irreduible representations of
SU (N) as determined by the isospin generators Ia.
For example, in the ase of SU (2), one an nd a basis for whih ta are antisymmetri, and in
whih I1 deomposes as
I1 = L23 + 2L45 + · · ·+ sL2s,2s+1 .
The wave funtion is a 2s-omponent spinor of SO (2s+ 1). Below we give the SU (2) deomposition
of the spinor SO (2s+ 1) representation for some values of isospin:
isospin symmetry group representation dimension deomposition
1 SO (3) 2 12
2 SO (5) 4 32
3 SO (7) 8 0 + 3
5 Summary
We have desribed two methods of generating lassial ations for a salar partile with isospin via
path-integral representations of the ausal propagator. Dira quantization of these ations produe
the orresponding wave equations for various possible representations of SU (N). By means of a
judiious hoie of the pseudo-lassial ation and the representation of the su (N) algebra in the
ation, it is possible to obtain the wave ation for any desired isospin.
A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A Weyl ordering of operators and funtions in the Berezin
algebra
Let us write the Hamiltonian operator (7) expliitly:
Hˆ = −λ
(
pˆ2 + qtaαβ
(
pˆµAˆaµ + Aˆ
a
µpˆ
µ
)
aˆ†αaˆβ + q
2taαβtbγδAˆ
a
µAˆ
µbaˆ†αaˆβ aˆ
†
γ aˆδ −m2
)
.
Total symmetrization in xˆand pˆ, and total antisymmetrization in a† and a gives the Weyl-ordered
Hamiltonian operator HˆW :
HˆW = −λ
(
pˆ2 +
q
2
taαβ
(
pˆµAˆaµ + Aˆ
a
µpˆ
µ
) [
aˆ†α, aˆβ
]
+ q2taαβtbγδAˆ
a
µAˆ
µb
(
aˆ†αaˆβ aˆ
†
γ aˆδ
)
W
−m2
)
, (39)
where the four-fermion term is given by
aˆ†αaˆβ aˆ
†
γ aˆδ =
(
aˆ†αaˆβaˆ
†
γ aˆδ
)
W
+
1
2
δγδ
(
aˆ†αaˆβ
)
W
−1
2
δδα
(
aˆ†γ aˆβ
)
W
+δαβ
(
aˆ†γ aˆδ
)
W
+
1
2
δγβ
(
aˆ†αaˆδ
)
W
−1
4
δδαδγβ−δαβδγδ
Using the traelessness of the matries ta and antisymmetry of the struture onstants fabc, we
have
Hˆ = HˆW + λ
q2
4
tr (tatb) Aˆ
a
µAˆ
µb
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Thus, the Hamiltonian is the sum of a Weyl-ordered expression plus a gauge non-invariant ontri-
bution. The Weyl-symbol orresponding to HˆW is
HW = −λ
(
p2 + 2qtaαβ
(
pµAaµ
)
χ¯αχβ + q
2taαβtbγδA
a
µA
µbχ¯αχβχ¯γχδ −m2
)
(40)
A.1 Proof
4
of fermioni midpoint rule.
If F
(
aˆ, aˆ†
)
is any Weyl-ordered polynomial in aˆ and aˆ†, then
〈χ¯|F (aˆ, aˆ†) |χ〉 = ∫ dη¯dη 〈χ¯| η〉F (χ+ η
2
, η¯
)
〈η¯ |χ〉 , (41)
=
∫
dη¯dη 〈χ¯| η〉F
(
χ,
χ¯+ η¯
2
)
〈η¯ |χ〉 , (42)
Let us prove the identity (41). The proof of the seond identity is analogous. First, onsider F
(
aˆ†
)
a polynomial in reation operators. Clearly, F is Weyl-ordered, and (41) is trivially satised,
〈χ¯|F (aˆ†) |χ〉 = ∫ dη¯dη 〈χ¯| η〉F (χ¯) 〈η¯ |χ〉 .
Now, for F
(
aˆ, aˆ†
)
= 12
(
aˆαf
(
aˆ†
)
+ (−1)ε(f) f (aˆ†) aˆα), where the plus or minus sign depends on
the parity of f
(
aˆ†
)
, (41) is easily seen to hold. Any Weyl-ordered polynomial an be obtained
by repeated antisymmetrizations of the form F = 12 (aˆαf ± f aˆα) where f
(
aˆ, aˆ†
)
is Weyl-ordered.
Therefore, let us prove (41) indutively, by assuming it holds for f
(
aˆ, aˆ†
)
and proving it is also true
for F = 12 (aˆαf ± f aˆα),
〈χ¯| 1
2
(aˆαf ± f aˆα) |χ〉 =
∫
dη¯dη
1
2
(〈χ¯| aˆα |η〉 〈η¯| f |χ〉 ± 〈χ¯| η〉 〈η¯| f aˆα |χ〉)
=
∫
dη¯dη 〈χ¯| η〉 ηα + χα
2
〈η¯| f |χ〉
=
∫
dη¯dηdξ¯dξ 〈χ¯| η〉 〈η¯| ξ〉 χα + ηα
2
f
(
χ+ ξ
2
, ξ¯
)〈
ξ¯ |χ〉
= dξ¯dξ 〈χ¯| ξ〉 χα + ξα
2
f
(
χ+ ξ
2
, ξ¯
)〈
ξ¯ |χ〉
where in the last equality we used the identity∫
dη¯dη 〈α¯| η〉 〈η¯| β〉 f (η) = 〈α¯| β〉 f (β) . (43)
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